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Daiva Pucinskaite 
Abstract 

The dominant dimension of algebras in the class A of 1-quasi-hereditary algebras 
introduced in [9] is at least two. By the Morita-Tachikawa Theorem this implies that A 
is related to a certain class B of algebras via bimodules satisfying the double centralizer 
condition. In this paper we specify the class B and the modules over algebras in B 
connected with A. 

The class A is not closed under taking the Ringel-dual. However the dominant 
CN ! dimension of the Ringel-dual R{A) of A G A is at least two. This fact induces a 

corresponding concept of modules over B £ B which yield the algebras A and R{A) 
^ ■ for A € A. 

^ ' Introduction 

Hi ' 

Let A, B be algebras. An ^4-i3-bimodule aM.b satisfying the double centralizer condition 
A = End^.Mg) and B = End_4(_4.M) provides a relationship between the representation 
theories of the algebras A and B that may differ in terms of their homological proper- 
ties. Soergel's 'Struktursatz' relating an algebra Aq(q) corresponding to a block of the 
Bernstein- Gelf and- Gelf and category O(g) of a complex semisimple Lie algebra g with a sub- 
algebra of the corresponding coinvariant algebra as well as the Schur-Weyl duality between 
the Schur algebra S(n, r) for n > r and the group algebra KY, r of the symmetric group are 
prominent examples for this connection (see for instance [7]). 

In this paper we present a further example for this situation which relates a 1-quasi- 



c3 



oo 



> 

\0 ■ hereditary algebra A denned in [9J with a local self-injective algebra B via an A-5-bimodule 
L whose structure has a precise description: The A-module L is a projective-injective in- 
decomposable and the EndA(£)-module L decomposes into a direct sum of local ideals of 
\q \ B :— End a{L) generated by the endomorphisms corresponding to certain paths in the quiver 
of A (see Proposition 12.1.1]) . The S-module L is a generator-cogenerator of modi? (i.e., 
any projective resp. injective indecomposable i?-module is a direct summand of L). Thus, 
any 1-quasi-hereditary algebra can be defined as an endomorphism algebra of a generator- 
cogenerator of a local self-injective algebra. 

The algebras Aq(q) and S(n,r) belong to the class of quasi- hereditary algebras with 
a duality (induced by an anti-automorphism) and with dominant dimension at least two 
(see [7J and [8J). The class of 1-quasi-hereditary algebras has a non-empty intersection with 
srf . Many factor algebras of A@(q) related to certain saturated subsets of weights are 1- 
quasi-hereditary. Note that a 1-quasi-hereditary algebra does not have a duality in general. 
The results in this paper clarify the connection between Ae{o) and the coinvariant algebras. 

Our first result presents a one-to-one correspondence (up to isomorphism) between the 
class of 1-quasi-hereditary algebras (over an algebraically closed field K) and the class of 
pairs (B, L) yielding 1-quasi-hereditary algebras via the double centralizer condition, where 
B is a local self-injective algebra and L e mod B satisfies certain properties. 
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Any algebra A in this paper is basic, thus given by a quiver and relations (Q(A),T(A)). 

Theorem A. Let A, B be finite dimensional basic K-algebras and L be a B-module. 
Let fi6N and (A := {1, . . . , n} , ^) be a partially ordered set. The following statements are 
equivalent: 

(i) A with (A, ^) is 1- quasi-hereditary (here we identify A with the vertices in Q(A) ), i.e., 
A = Ends(L) op , where L is a multiplicity- free generator- cogenerator of mod B. 

(ii) B is local, self-injective with dim^ B = n and L = L(i) where L(i) are local 

ieA 

submodules of B and L(l) = B, moreover, for alli,j G A the following properties hold: 

(a) L(i) -» L(j) if and only if i ^ j , 

(b) rad(L(z)) = ^L(j). 

i<j 

An algebra of the form Aq(q) is 1-quasi-hereditary if rank($j) < 2, hence Theorem A is 
applicable for these algebras. 

Dlab, Heath and Marko have shown in [4J that a pair (B, L) with the properties in 
(ii) yields a quasi-hereditary BGG-algebra (defined by Irving in [6j) if B is commutative. 
The next theorem strengthens the main theorem in [4] by determining the properties of a 
1-quasi-hereditary algebra A = Ends(-f/) op for which B is commutative. 

In the quiver Q of a 1-quasi-hereditary algebra A between two vertices i and j either 
there are no arrows or % ^ j (see [HI Theorem 2.7]). Thus for any path p in Q the opposite 
path p op also belongs to Q. 

Theorem B. Let A = End j e(-^) op be a 1-quasi-hereditary algebra where the B-module L 
satisfies the conditions (ii) in Theorem A. The following statements are equivalent: 

(i) B is commutative. 

(ii) If p is a relation of A, then p op is also a relation of A. 
(Hi) A has a duality induced by the anti- automorphism p i-> p op . 

The coinvariant algebra related to the algebra Ae(d) is commutative. Note that Theorem 
B is also true for all algebras Ae(d), where the quiver and relations are known, also for non 
1-quasi-hereditary algebras (see [13J). 

The concept of Ringel duality introduced in [TT] is essential in the theory of quasi- 
hereditary algebras (for a (basic) quasi-hereditary algebra A there exists another quasi- 
hereditary algebra R(A) such that R(R(A)) = A). In this paper we show how how the 
Ringel duality R(-) induces a corresponding concept R(-) on certain generator-cogenerators 
of a local self-injective algebra. This is based on the fact that the class of 1-quasi-hereditary 
algebras is not closed under Ringel duality, however for any 1-quasi-hereditary algebra A 
there exists an R(A)-R(B)-bimodu\e R(L) having the double centralizer condition (see 
Lemma I4.ip . 

Our next result explicitly determines the aforementioned correspondence for those 1- 
quasi-hereditary algebras, whose Ringel duals are also 1-quasi-hereditary. 
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Theorem C. Let (A, ^) and (R(A), ^) be 1- quasi-hereditary algebras as well as {B,L) 
and (R(B),R(L)) the corresponding pairs (w.r.t. Theorem A (ii)), where L = L(i) and 

R(L) = R(L(i)). Then B = R(B) and for every i £ A we have 

ieA 

Rim) = b/ ( J2 L Un = fl ker ( B - L ^ ■ 

In particular, if a 1-quasi- hereditary algebra is Ringel self-dual, then L = R(L). There 
exists a permutation a G Syn^dim^- B) with L(a(i)) = R(L(i)). The algebras of the form 
^e(fl) are Ringel self-dual. In case of rank(g) < 2 we have this situation. 

The paper is organized as follows: In Section 1, we introduce the Morita-Tachikawa The- 
orem which shows that a minimal faithful module over an algebra of dominant dimension at 
least two has the double centralizer property. The results of this paper rest on this theorem. 
We also recall the relevant definitions and give some examples which show the diversity of 
modules over a local self-injective algebra satisfying the double centralizer condition. 

Section 2 is devoted to the proof of Theorem A. The paths in the quiver of a 1-quasi- 
hereditary algebra of the form p(j, i, k) defined in [HI Section 3] play an important role. The 
other part of the proof is based on the structure of the 5-module L which will be analyzed in 
Lemma 12.2.11 We also determine an easier transition from the 5-maps of L to the relations 
of the algebra A = Ends(L) op (see Remark 12.2.5ft . This is used in the proof of Theorem B 
in Section 3. 

In Section 4 we describe the transfer of Ringel duality. Consequently we obtain a decom- 
position of the class of 1-quasi-hereditary algebras with their Ringel duals into subclasses 
which are closed under Ringel duality. Moreover, the algebras in a fixed subclass arise from 
the same local self-injective algebra. Subsequently we present the proof of Theorem C. 

1. Preliminaries 

Unless otherwise specified, any algebra A is an associative, finite dimensional, basic .ff-algebra 
over an algebraically closed field K. Thus A is determined by a quiver Q and relations I, i.e., 
A = KQ/X (Theorem of Gabriel). Furthermore, mod*4 is the category of finite dimensional left 
„4-modules. For M £ mod„4 we denote by socM, rad.M and top M the socle, the radical and the 
top of A4, respectively, and add(.M) is the full subcategory of mod .4 whose objects are the direct 
sums of direct summands of A4 (for references see [T| or [2]). To distinguish between an arbitrary 
algebra A and a 1-quasi-hereditary algebra, we denote the latter by A. 

We repeat some notations and facts about bound quiver algebras A = KQ/T. Through- 
out, we identify the set of vertices Q := Qo(A) with the set A = {1, . . . , |Qo|}- The 
product of arrows (k — > i) and {i — > j) is given by (k — > % — > j) = (i — > j) ■ (k — > i). 
We denote by P(i), S(i) and the projective indecomposable, injective indecompos- 
able, simple ^4-module and the primitive idempotent, respectively, corresponding to i £ A. 
Let Ai G mod A, then for each vertex i there exists a f^-subspace of Ai corresponding to 
i, denoted by Mi. We have Mi = B.om A (P(i), M) via m h-> / (m) : P{i) — y M, where 
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f( m ){a ■ 6i) = a ■ m for all a G A. Recall that End^(A^) op is a A'-algebra with product 
FoG = (M 4 Ai 4 Ai). The (left) End^(7W) op -module Ai (written E nd A (M)°r>M) is iso- 
morphic to © igA Hom_4(P(i), Ai). The Jordan- Holder multiplicity of S(i) in Ai is denoted 
by [Ai : S(i)]. In particular, we have dung- Hom_4(P(i), Ai) = [Ai '■ S(i)]. 



1.1. Theorem of Morita-Tachikawa 

Based on various works by Morita and Tachikawa, Ringel has described in |12] a relationship 
between the algebras A and End v 4(A^) op via an A- module Ai having the double centralizer 
condition. We recall some notations and terminology needed in the statement of the theorem 
below. Let B be an artin (basic) algebra, then the dominant dimension of B is at least 2 
(written dom. dimi3 > 2), if there exists an exact sequence — > &B — > Ai\ — > M. 2 such 
that Aii, Aii are projective and injective i3-modules (all finite dimensional algebras are artin 
algebras) . A £>-module is called minimal faithful if AS is faithful (i.e. , &B can be embedded 
into a direct sum of copies of AS) and AS is a direct summand of any faithful £>-module. A 
minimal faithful B- module is unique (up to isomorphism) and will be denoted by &(B). 
A i3-module Ai is a generator- cogenerator of modi? if every projective indecomposable as 
well as every injective indecomposable i3-module is a direct summand of Ai. We denoted 
by [B] resp. [B, Ai] the isomorphism class of B and a i3-module Ai. 

1.1 Theorem (Morita-Tachikawa). There is are bisections and $ between 
X := { [A] | A is a basic artin algebra, dom. dirndl > 2 } and 



Y:={ [B,M] 



B is a basic artin algebra, 

Ai is a multiplicity- free, generator- cogenerator of modi3 



defined as follows: 



X ^ Y . Y -A X 

nun 

[A] ^ [B(A):=End A (^(A)) op , B{A) ^(A)] [B,M] ^ [End J g(A4) op ] 

such that M/ o $ = Id x and $of = Idy. 

This theorem also provides correspondences between the subsets of X and their image 
under $ in Y. By the Theorem of Konig, Slungard and Xi Theorem 1.3] the set of 
isomorphism classes of algebras which corresponds to the blocks of the BGG-category O is 
a subset of X. Theorem 11.11 restricted to this subset is known as Soergel's 'Struktursatz'. 
Moreover, the dominant dimension of Schur algebras S(n, r) (with n > r) is at least two. 
The Schur- Weyl duality is a special case of Theorem ll.il The module ^(A) has the double 
centralizer condition. 

Note that the Theorem of Morita-Tachikawa provides some connections between a finite 
dimensional algebra A = KQ/X with dom. dim .4 > 2 and a pair {B, Ai) with <&[A] = 
[B,Ai]: The S-module Ai has |Qo| pairwise non- isomorphic, indecomposable direct sum- 
mands (they correspond to the vertices of Q). Because A JP(A) m for some m G N, we 
have [&(A) : S(i)] ± for all i G Q Q , thus Rom A (P(i), &(A)) ^ 0. Since the ^-module 
Ai = &{A) is isomorphic to ieQo Rom A (P(i), &(A)), we obtain that the End^ (^(A)) op - 
module Hom^(P(i), JP(A)) is indecomposable for any i G Qo- 
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1.2. Quasi-hereditary algebras and local self-injective algebras 

In this paper we consider a subclass of quasi-hereditary algebras with dominant dimension at 
least 2 which are related to local self-injective algebras. We recall some necessary definitions. 

Quasi- hereditary algebras were defined by Cline, Parshall and Scott in [3]- We use the 
equivalent definition and terminology given by Dlab and Ringel in [5]: Let A be a bound 
quiver algebra and (A, ^) a poset (with A = Qo(A)). For every i G A the standard module 
A(i) is the largest factor module of P(i) such that [A(i) : S(k)] = for all k G A with k ^ i. 
The modules in the full subcategory ^(A) of mod*4. consisting of the modules having a 
filtration such that each subquotient is isomorphic to a standard module are called A-good 
and these nitrations are A-good filtrations. For M G ${A) we denote by (M : A(i)) the 
(well-defined) number of subquotients isomorphic to A(i) in a A-good filtration of M. 

An algebra A with (A, ^) is quasi-hereditary if for all i, k G A the following conditions 
are satisfied: 

. [A(i) : S(i)) = 1, 

• P(i) is a A-good module with (P(i) : A (A;)) = for all k ^ z and (P(i) : A(i)) = 1. 

Throughout, (^4., ^) denotes an algebra A with a partial order ^ on the vertices A = Q (A). 

We can identify the vertices of the quivers of A and A op . An algebra (^4, ^) is quasi- 
hereditary if and only if (A op , ^) is quasi- hereditary (see [5]). The standard duality T> : = 
HoHift-(— ,K) provides the costandard ^4-module V(i) = T>(A_4o P (i)) corresponding to i G A 
and also the subcategory ^(V) of mod*4 of all V-good modules. 

1.2.1 Remark. Let (^4, ^) be a quasi-hereditary algebra and let M be a projective- 
injective ^.-module. Moreover, let soc(A(i)) G add(socM) and P(i) e — )■ M with M/P(i) G 

5"(A) for all i G A. In this case we have soc (M/P(i)) G add ^0 jeA soc A(j) j C add (soc M) 

and consequently M/P(i) can be embedded into some copies of M for any i G A. In other 
words, there exist m, r G N such that the sequence — > j±A — > M m — > M r is exact, i.e., we 
have dom. dim .4. > 2. 

We recall the definition of a 1-quasi-hereditary algebra from [9] and show that we have 
the situation described in the foregoing remark. 

1.2.2 Definition (1-quasi-hereditary). A quasi-hereditary algebra A with (A, ^) is 
called 1-quasi-hereditary if for all i,j G A = {1, . . . , n} the following conditions are satisfied: 

(1) There is a smallest and a largest element with respect to ^, 
without loss of generality we will assume them to be 1 resp. n, 

(2) [A(i) : S(j)\ = (P(j) : A(i)) = 1 for j <: i, 

(3) socP(j)=top/(j) = 5(l), 

(4) A(z) A(n) and V(n) V(z). 

1.2.3 Lemma. Let (A,^) be a 1-quasi-hereditary algebra with {1} = min(A, ^). Then 
P(l) is a minimal faithful A-module and dom. dim A > 2. 
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Proof. According to [9] 2.6] we have P(l) = 1(1) and A(j) e — >■ P(z) <^-> P(l) for every 
i, j G A. We obtain ■=— >■ P(1)' A ', thus -P(l) is a minimal faithful A-module because P(l) 
is indecomposable (we have &(A) = -P(l)). 

Since socA(i) socP(l) = 5(1) and P(l)/P(i) E 5(A) (see P 4.3]), we have 
dom. dim A > 2 according to Remark 11.2.11 □ 

An (finite dimensional, basic) algebra B is local and self-injective if and only if the socle 
and the top of £>-module B are simple. An ideal I of B is a two-sided, local ideal if B-I C 7 
as well as LB C i and rad(i) is the (uniquely determined) maximal submodule of i. 



1.2.4 Definition ( ^ ). Let B be an algebra, L G modS and (A = {1, . . . , n} , ^) be a 

poset. We say that the pair (B, L) satisfies the condition ^ if 

(1) B is a local, self-injective algebra, dim^i? = n, 

(2) L = L(i), where L(l), ...,L( n) are two-sided local ideals of B with L(l) = B and 
for all i,j G A the following is satisfied: 

(a) L(i) -» L(j) if and only if i ^ j, 

(b) rad(L(i))=5>(7). 

i<jr' 



1.2.5 Remark. If (5, L) satisfies the condition ^ , then [5, L] G Y: Since 5 is local and 



self-injective, any projective resp. injective, indecomposable P-module is isomorphic to bB. 
Hence L is a generator-cogenerator of modi?, because B(= L(l)) is a direct summand of L. 
The condition (a) implies L(i) = L(j) if and only if i = j, therefore L is multiplicity-free. 
Moreover, the quiver of B consists of one vertex and finitely many loops (B is isomorphic 
to K (xi, . . . , x r ) j J, where J is an ideal with JC (x%, . . . , x r ) 2 and r EN). 

It should be noted that for a fixed local, self-injective algebra B a poset (A, $C) and a 
P-module L with the condition ^ are not uniquely determined. 



1.2.6 Example. The algebra B = C[x,y}/ (xy, x 3 — y 3 ) is local and self-injective with 
dime B = 6. The next diagrams present the partial orders ^u-\ on A = {1, . . . , 6} and the 
generators-cogenerators Li = ©fe = iA(fc) of modi? for i = 1,2,3. We write Li(k) — > Li(k') 
if Li(k) Z> Li(k') and there does not exist a submodule U with Li(k) D U D Li(k'). In other 
words, k <(j) k' and k, k' are neighbours for all 1 < i < 3 and 1 < k, k' < 6. In the diagram 

on the right-hand side, i G C is such that i 2 = —1 and u = \ + is a 6th root of unity. 



Ll(4) = (X 



i!(6) = (x 3 ) 

/ \ 

(Y 2 ) =L!(5) 

I t 



(X) 



(Y) =i!(3) 



L 2 (6) = (x 3 ) 

/ \ 

L 2 (4) = (x 2 ) (Y 2 )=L 2 (5) 

t \t 



i 2 (2) = (X) 



(X + Y) =Zv 2 (3) 



L 3 (6) = (iX 3 ) 
/ \ 

3 (4) = (x 2 + ^ 2 r 2 ) (Vx 2 + y 2 ) = I, 3 (5) 

txt 

L 3 (2) = (X + ljY) (wX + Y) = L 3 (3) 



il(l) = (1) 



£2(1) = (1) 



It is easy to check that (B, Li) satisfies the condition 



£ 3 (i) = (i> 



(0 



and therefore [B, LJ 6 Y. In 
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view of Theorem A, Lj is an Aj-B-bimodule, where A\ = End j B(-^j) op is a 1-quasi-hereditary 
algebra for i = 1,2,3 (the quiver and relations of Aj are given in I3.2j) . Note that the algebra 
A 3 is associated to a regular block of the BGG-category (9(s[ 3 ). 

In the next section we prove Theorem A which can be rewritten as follows: 

Theorem A. Let A, B be finite dimensional basic K-algebras and n G N. Moreover, let 
(A := {1, . . . , n} , ^) be partially ordered. The following statements are equivalent: 

(i) The algebra (A, ^) is 1-quasi-hereditary, i.e., A = End£(L) op and L is a multiplicity- 
free generator- cogenerator of mod B, 



(ii) The pair (B,L) satisfies the condition 



For any 1-quasi-hereditary algebra A there exists an (up to isomorphism) uniquely de- 
termined algebra B and a multiplicity-free generator-cogenerator L of modi? with A = 
Ends(L) op (see Theorem 11.11 and Lemma ll.2.3p . According to Remark ll.2.5[ Theorem A 
provides bijections between the isomorphism classes of 1-quasi-hereditary algebras and the 
pairs defined in 11.2.41 

1.3. BGG-algebras 

Dlab, Heath and Marko have shown in [1] that if for a commutative algebra B and a 



.B-module L the pair (B,L) satisfies the condition ^ , then the algebra Endy3(L) op is a 
BGG-algebra as defined by Irving in [6j. Our Theorem B elaborates on the Theorem in |3]. 

We refer to the definition of BGG-algebras given by Xi in [T3] (these algebras are also 
BGG-algebras in the sense of [B]): A quasi-hereditary algebra A is called a BGG-algebra if 
there is a duality 5 of mod A such that S induces a ii"-linear map on B.om^(M,N) for all 
M, N G mod A. and 5(S(i)) = S(i) for all i G Q (A). 

If there is an anti-automorphism e of A (i.e., a K-m&p e : A — > A with e(a-a') = e(a')-e(a) 
and e 2 (a) = a for all a, a' G A) such that A ■ e(ej) = A ■ ei for all i G Qo(A), then A is a 
BGG-algebra (see [H]). 

According to jS] Theorem 2.7], the quiver Q(A) of a 1-quasi-hereditary algebra (A, ^) is 
the double of the quiver of the incidence algebra of (A, ^): Let i,j G A, we write 

n 

i < j and i > j 



:-tv. 

j. .y> 

i\ ■ ■ ■ i r * 



if i is a small neighbour of j and z is a large neighbour of j w.r.t. ^, respec- # % 
tively. We have 



{aeQ 1 (A)\i-^j} 



'h'l. :iu 



1 if i > j, thus for any path p 
else, ^i* 



(«i — t- «2 — ^ • • • — ^ im) there exists a uniquely determined path o(p) := (i m —>••••—>• «2 *i) 
in Q(A) running through the same vertices in the opposite direction. Obviously, o(o(p)) = p. 

1.3.1 Definition. A 1-quasi-hereditary algebra A = KQ/T is a BGG(^) -algebra, if the 
i^-linear map e : KQ — > KQ given by e(p) = o(p) for all paths p in Q induces an anti- 
automorphism of A. 
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Theorem B. Let A = End£(L) op = KQ/1 with (A, ^) be a 1- quasi-hereditary algebra 



such that (B, L) satisfies the condition ^ . The following statements are equivalent: 

(i) B is commutative. 

(ii) A is a BGG^-algebra. 

r r 

(Hi) y^-p-tel if and only if }]ct- o(p t ) G X. 
t=i t=i 



The Theorems A and B are special cases of Morita-Tachikawa Theorem ll.il For the subsets 
X(l) := {[A] | A is a 1-quasi-hereditary algebra}, X' := {[A] | A is a BGG(t^) -algebra} 

and 

|[-B,L] | (B,L) has the property Y' := {[B,L] G Y(l) | B is commutative} 



Y(l) :-- 




X 

of X and Y respectively (defined in 11.11) we have ^ - "\ " - s 
$ (X(l)) = Y(l) and * (Y(l)) = X(l) as well as / 
$ (X 7 ) = Y and * (Y) = X'. The function $ re- / 
stricted to X(l) maps [A, <] to [End A (P(l)) op , P(l)], ' 
where {1} = min(A, ^). V 
The picture to the right visualises this situation. X(1) N 

1.3.2 Example. Let n > 3 and C = (cy) 2 <y<n-i G GL„_ 2 (^)- We define 5 := P n (C) = 
if (x 2 , • • • , av-i) /I with I := ({c mk ■ Xi ■ Xj - • x m ■ x k , x\ | 2 < j, z, A;, m < n - 1}). 

Let Xk = Xk + I for any fceT:= {2,...,n-l}. Since det C 7^ 0, for every i G T there 
exist l(i),r(i) G T such that 7^ and c ir .(j) 7^ 0. Therefore ci(^iXjX r ^ = Cj^Xi^Xi 
implies ^XjX r (j)) = (Xi^Xij for all i,j G T. Moreover, for any two h(i), 1*2(1) G T with 
Ch(i)i 7^ and 7^ we have Q^jJf^JQ = c^Xi^Xi, hence (X^Xi) = (X h ^Xi). 
A similar situation holds for any two ri(i),r2(i) G T with Cj n (i) 7^ and Q r2 (j) 7^ 0. Since 
X^ = for all m G T, we obtain AjXjXfc = for all k G T. 

Furthermore, we have = iff AjXj = 0. Thus, (Xj) — B-X± — span K {X iy A^JQj = 
span A - \ Xi, XjX r (j)} = X$ ■ B is a two-sided local ideal of I? and socB = (XjX r ^ for all 
j G T. The algebra B is self-injective and dim A P = n. Let (A = {1, . . . , n} , ^) be the 
poset given by 1 < i < n for all 2 < i < n — 1 and let the P-module L := ®" =1 L(z) be given 
by L(l) = 5, L(z) = (X,) for all i G T and L(n) = socB. The pair (P, L) L(n) 



L(l) 



satisfies the property ^ . The quiver and relations of the 1-quasi- 
hereditary algebra A n (C) := Ends(L) op can by found in [Till Example L ^ "' L ^ " i<n " 
3]. The algebra B is commutative if and only if C — C* and only in 
this case A n {C) is a BGG(t^)-algebra. 

2. Proof of the Theorem A 

In this section let (A, ^) be a poset. Until the end of this paper for any j G A we denote 
by A(j\ and A^') the following subsets of A: 

A (i) := {i G A I i ^ j} and A (j) := {i G A | i ^ j}. 

We also adopt all notation of the previous section. 
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2.1. Proof of the Theorem A (i) =>- (ii) 

In this subsection A with (A, ^) denotes a 1-quasi-hereditary algebra and {1} = min(A, ^). 
Furthermore, B := End A (P(l)) op and L(i) := Hom A (P(i), P(l)) for any i G A. Since P(l) 
is a minimal faithful A-module, Theorem 11.11 and Lemma 11.2.31 provide isomorphisms 

A = End B ( B P(1)) and B P(l) = 0I(i). 

In particular, for any [B, £] G Y with A = End B (C)° v we obtain B = B and £ = fl P(l). For 
the implication (i) =>• (ii) we have to show that (P, (f3 igA L(i)) satisfies the property ^ . 
We recall some notations and properties of 1-quasi-hereditary algebras from [9] and [10J 
which we will use in the proof: Let Q be the quiver of A and X be the corresponding 
ideal of KQ generated by the relations of A. The structure of Q (see II. 3p shows that for 
all j, i,k G A with i G A^ n A (fc ) there exists a path (j — >■ Ai —>■•••—>■ A m — >■ i) with 
i ^ Ai < • - • ^ A. m ^ i and a path (i — > — > ■ • ■ — > \i r — > k) with i ^ jtfj ^ • • • ^ /i m ^ 
We write p(j, i, i) resp. p(i, i, fc) for the residue class A of such a path. The concatenation 
of these two paths is denoted by p(j, i, k) = p(i, i, k) ■ p(j, i, i). 

In the next subsection (Lemma I2.2.6P we will show, that for any two paths p and q in 
Q which yield paths of the form p(j, i, k) in A we have p — q G X, thus we can talk about 
the path p(j,i,k) in A. The A-map from P(k) to P(j) corresponding to p(j,i,k) (i.e., 
Cfe !— >■ p(j, i, &)) is denoted by f(j,i,k)- For all j, i, A; with i G A^ R A^ we have 

fwAfc) = fw,i,o ° f(iA*) : ( p ( k ) f ^ p W ^ ; e k Ki> «\ k ) = p(h h k ) ■ p(j, h i)- 

For any i G A^' the map f(j,i,i) is an inclusion and im(i) = im (f(j,j,«)) for any inclusion 
P(i) P(j) (see 3.1(a)]). The contravariant functor Hom A (— ,P(1)) : mod A — > modP 
is exact since P(l) — /(l) (see [9j 2.1(3)]). The inclusion f(j,i,i) '■ P(i) '->■ P(j) induces 
the surjective P-map HomePC/), P(l)) -» Hom^fPfi), P(l)) with g y g o f(,-^). Since 

* v ' V v ' 

P(i) P(j) if and only if i G A (j) (see [9, 2.2]), we obtain L(j) -» L(i) if and only if 



j ^ i, thus part (2)(a) of the Definition ^ for (P, @ igA L(z)) is satisfied. In particular, the 
surjection #P = X(l) -» L(i) with F t- y F o fn^i) provides L(i) = P o fn $ for any i G A. 
It is enough to show the following two statements: 

O The algebra B is local, self-injective and dim^ P = |A|, 

© L(i) = Bo f (Mil) = f (Mjl) o P and rad (P o f(i,;,i)) = ^(5° f(i,i',i)) for any ieA. 

i<i' 

The second statement implies that L(i) is isomorphic to a two-sided ideal of B for any 
i G A and L(l) = bB because f(i,i,i) = idpm. Moreover, we obtain the following explicit 
expression of the P-module P(l): 

2.1.1 Proposition. For a 1-quasi-hereditary algebra (A, ^) with {1} = min (Q (A), ^) 
and B = End J 4(P(l)) op we have bP(1) — ©j 6A P°f(i,i,i), where f(i,i,i) is t/ie endomorphism 
of P(l) as described above. 
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2.1.2 Remark. The set {f(j, iik ) \ i G A U) H A (fe) } is a A-basis of Honu(P(fc), P(j)) for all 
j, k G A because the set [p(j,i,k) \ i G A (j) nA w } is a A-basis of P(j) k (see [9, 3.2]). In 
particular, since A^ = A we obtain that {f(i,i,i) | i G A} is a A-basis of B and 

(f(i,M) I t e A(i) } is a A-basis of L(i) = Kom A (P(i), P(l)) for any i G A. 

This situation gives rise to some implications: Let / G EikLa(P(.7')) op and i G AV\ then 
/ o f (i)M) g Hom A (P(i), P(j)) = span K {f (iiM) | t G A«}, since n A« = A«. 
Thus / o f ( ii) = ^ t aW Ct • fy A i) for c t G A'. Let fc G A (i) , then ^% 

/ \$\ 'A- p(j, k) 

P[j, t, k) = p(i, i, k) ■ p(j, t, i) implies f u ^ k) = f (iiM) o f (i4jk) . .; / A- ...... 

We obtain /of (,-,»,*)= (/ o f(i,i,i))of(i,i,fc)=I]teA( i ) c t"f for every t G A w . *./ 

In other words, for any i G A^ fl A^ fc ^ and / G End a(P(j))° p we have ^-i^ 

/ ° fat,*) e span^ {f(j- A fc) | t G AM}. In particular, 5 o f (ljijfc) C span x {f(i Afc ) | t G AM}. 

Proof of O. The algebra A op is also 1-quasi- hereditary with Pa°p(1) as a minimal faith- 
ful A op -module (see [9, 1.3]). The algebras P op = End A (P(l)) and B = End^P^l)) ^ 
Endyi(P(l)) op are local, since P(l) and P Aop (l) are indecomposable. Therefore socP and 
topP are simple, thus B is local, self-injective and dim^-P = {f(i,j,i) | i G A} = |A|. □ 

The proof of © is based on the following properties of P-modules generated by the 
maps f(i A jfe). 

2.1.3 Lemma. For all i, k G A with i G A^ fc ^ the following is satisfied: 

(1) Bo f (li)fe) = span x {f(i,t, fc ) | t G AM} for all k G A (i) , 

(2) B o f (li)fe) = 5o f(i, i) fc') /or a// fc, fc' G A (i); 

(5J ^ ° f(i,i,i) = f(i,i,i) ° B = s P an x (f(i,M) I * e A(i) }- 



We will clarify the statements of this lemma using an example: Let ^4 be the algebra corresponding 
to a regular block of O^slsiC)), then -P(l) is the minimal faithful ^4-module (the presentation of 



.P(l) via the C-basis p(l, i, k) can by found in |1U[ Sec. 2]). 
The picture presents P(l) as a End J 4(P(l)) op -module (in 
particular, End j4 (P(l)) op = C[x,y}/ (xy, x 3 -y 3 }, see Ex- 



ample II, 2ft : The circle C{k) represents the spaces L(k) = 
Hom y 4(P(j), P(l)) for every k G A = {1, . . . ,6}. Inside of 
C(k) we find the C-basis {f (i>fe) := f (ljijfc) | i G A( fc )} of L(k). 
There is an arrow f ->■ f (i)fe) if B o f Cfio f (ifc) (state- 
ment (1)) and an arrow f (ijfc) — > f (i)fe /) if Bof^ k) ^ Pof^ 
(statement fUj). We focus on the P-submodules of L{k) 
generated by f(4&) for k G Au> = {1,2,3,4}. Statement (1) 
yields Bofu k -\ = span^- { f (4,fc) ? f (6,fc) } (visualized in the par- 
allelogram). Statement (2) implies L{4) = Bo futy for all 
k = A( 4 ). The 5-module L(4) is isomorphic to the two-sided 
ideal Bof^j = fu ^oB of B since f(4,i) G P (statement f5j). 



C(4). 




,C(5) 



C(l) = 
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Proof. (1) Since P(l) = 1(1) and f(i,i,i) '■ P(i) P(l), the universal property of injective 
modules imply that for any t G there exists F(t) G B such that F(t) o ffx,*,*) = f(i,t,i)- 
Let fc G A(j), then f(i,i,i) o f(i,i,fc) = f(i,i,k) provides the commutative diagram 



f(l A *): P(V ^ P(i) ^ P(l) 

I lf(l,i,i) ! 

° f(lA*) = P (*0 ^ P W ^ P « 

We obtain F(t) o f (1)i>fc) = f (1)t)f) o f (f)f)Jl j = f (Mife) . In other words, we have B o f {ljijfc ) D 
span^ {f(i, t ,fc) | t G A w }. The previous remark yields B o f (1)i)fe) C span x {f(i,t,fc) | t G A w }. 

(%) Let fc G A(j). We consider the map (— o f/k,k,i)) '■ B o f — > B o fn,i,i), and we 
have F o f {l i fe) h-» F o f {l i fc) o f (fcjM) = F o f {w) (see 12.1.2]). Obviously, this map is a 

surjective P-map. Moreover, dim^ (B o f(i,i,i)) — dim^ (P o f(i,i,fc)) since {f(i,t,&) | t G AW} 
is F-independent. Thus B o f(i,j,i) = B o f(i,j,fc) for all G A(j). 

It is enough to show f(i,i,i) o B = span^ { f | t G A®} [the rest follows from 
(%)]: For any i G A we have f (1)i)1) = f (1)i)i) o f (i i l) and f (i)i)1) o F G Honu (P(l), P(i)) = 
span^ {f (4,4,1) | t G A^H for all P G P. With similar arguments as in the previous remark 
we obtain f(i, t ,i) = f(i,i,i) °f(»,t,i)- Tms provides f(i,j,i)oF G span^- (f(i, i ,i) | t G A w } for every 
P G P. Therefore, we obtain f(i,i,i) o P C span^- (f(i,t,i) | t G Aw}. 

For any t G A^ the A-module generated by p(l, t, 1) is a submodule of A ■ p(l, i, 1) (see 
PE12.2 (a)]). There exists p(t) G P(l)i withp(l, t, 1) = p(t)-p(l, i, 1). Let F(t) G P be given 
by F(t)(e l )=p(t), then f (1>t)1) = f (1M) o F(t). Thus f (w) oBD span^ {f (1)f>1) | t G A«}.D 

Proof of ©. The parts (2) and of the previous lemma imply L(i) = B o f(i,j,i) = 
P ° f(i,i,i) = f(i,i,i) ° B. Thus L(i) is a two-sided local ideal of P for all i G A. 

W 

The P-module P o fn^i) is local, thus P o f (1,4,1) C P o f(i,j,i) for all t G A^ \ {i} = 
{t G A I i < t} implies £\ <t { B f(i,t,i)) Q rad (P o f^i)). Since (f(i, t ,i) | i < t] is linearly 
independent and (f(i, i ,i) | i < t] C £\ <t (P o f(i, t ,i)), we have dim^ (J2 i<t (P o f(i, t ,i))) > 

|A«J - 1 = ; dim^ (P o f (w) ) - 1 = dim^rad (P o f (M)1) ). We obtain £ i<t ( B ° f(i,t,i)) = 
rad (P o f(i,j,i)) for all i G A. □ 



2.2. Proof of the Theorem A (n) 



Let P be a local, self-injective F-algebra with dim^- B = n. Let the set (A = {1, . . . , n} , ^) 
be partially ordered and let L = (§) ieA L(i) be a P-module, such that (B,L) satisfies the 
condition ^ (see Definition |1.2.4p . 



It is easy to see that there exists a uniquely determined minimal and maximal element in 
(A, ^): Since B(= L(l)) is a projective cover of any local P-module, we have L(l) -» L(i), 
(2) (a) implies 1 ^ i for all i G A. Let k G A be maximal, then 
0. The local submodule L(k) of P is simple, thus L(k) = soc(P) 

L 



thus 



radL(fc) 

socle of a local self-injective algebra is simple. Since L(j) 



iff j 



1 see 



(2) (b) yields 
because the 
(2)(a)), we 



(b) 



have L(k) C radL(i) = X]j<j ^0) ^ or ever y ^ G A with i ^ k. Consequently, % ^ k for all 
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i 6 A. The maximal element in (A, ^) will be denoted by n = |A|. We have {1} = min(A, 
and {n} = max(A, ^) with 1/(1) = B and L(n) = soc(B). 

We consider the algebra A := End£(L) op . Because L is multiplicity-free and has n di- 
rect summands, A is basic and the quiver Q(A) has n vertices. We identify these with the 
elements in A. In order to prove that (A, ^) is a 1-quasi-hereditary algebra (see Defini- 
tion I1.2.2P we have to show that for all j £ A the following holds: 



O [A(j) : S(i)} = 1 for all i £ A (i) , 

1 if i e A&'), 
else, 



© P(j) has a A-good filtration with (P(j) : A(i)) 



© socP(j)=top/(j) = 5(l), 

@ A(j) <—} A(n) and V(n) -» V(j). 

Recall that an (left) ideal J of a local, self-injective (basic) algebra i3 is local if and only 
if it is generated by some non-zero element x £ B (i.e., J = B ■ x). Moreover, dim^ J = 
dmifr- (rad J) + 1 and J = span^- {x U rad J}. In addition, for an ideal M of B, any B- 
map / : J — > M is induced by right-multiplication by an element bf £ B, more precisely, 

■br 

f(y ■ x) = y ■ x ■ bf for all y £ B (in this case we write J -4 M). The element /(x) = x ■ bf 
generates im(/) = B ■ f{x). In particular, we have Honig(J, B) = B \ b E j. 

The annihilator of L(j) is Ann(L(j)) := {b £ B \ b ■ L(j) = 0}. 

2.2.1 Lemma. Let B be a local, self-injective algebra and let (A, ^) be a poset with 
dmift- B = |A| = n. Let L = ^^L(i) be a B-module such that (B,L) satisfies the condition 

^ . Then for all i,j, k £ A the following properties are satisfied: 



(1) Let Xi £ B be a generator of L(i) and X(i) := {x^ | k £ A^}. Then we have: 

(1.1) The set X(i) is a K-basis of L(i). In particular, for any subset T C A the set 
|^JX(j) is a K-basis of V^L(j) and C^X(j) is a K-basis of f|L(j). 

r v jer jer r . r 

(1.2) L(i) = B ■ Xi = Xi ■ B . 

(2) Let N be a submodule of B, then im(/) C L(i) HN for all f £ Hom B (L(i), N). 

(3) We have L(i) > L(j) resp. L(j) -» L(i) if and only if i £ Ay\ Moreover, 

(3.1) im(L(i) ■=->■ L(j)) = L{i) for any infective B-map from L[%) to L(j), 

(3.2) ker (L(j) -» L(i)) = Ann(L(i)) • L(j) for any surjective B-map from L(j) to L(i). 

(4) For i £ A"'' fl A' 4 ' let f(k,i,i) '■ > L(k) be an infective, fr%i t j) : L(J) -» L{i) a 
surjective B-map and f iktiJ) := / (fciM) o /(;,;,.,■)(£ Eom B (L(j), L(k))). The set 

<B(k,j) := {f( k ,i,j) I i e A (i) n A^} a K-fraszs o/ Uom B (L(j), L(k)). 
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In particular, every map f G Horn^L^'), L(k)) factors through L(i). 

isAWnAW 

Proof. (1.1) By induction on dim^-(L(j)) we show that the fT-space L(j) is spanned 
by X(j) for every j G A: If dim^(L(j)) = 1, then L(j) is simple, thus j — n and 
X(n) = {x n } is a A'-basis of = socB. Let j G A with dim^(L(j)) = m + 1, 

then L(l) = spaa K X(l) for any I G A^\{j}, because L(l) C radL(j) fsee ITCT 2)(b)) 
implies diniR-L(i) < dini^- (rad L(j)) = m. Thus radL(j) = X^j</-^(0 * s spanned by 
U,<z^(0 = i x k \ j < k} and consequently = {xj} U LL<j-^"(0 s P ans the AT-space 

Furthermore, i? = L(l) = span^X(l) = {x\, . . . ,x n } and dini^ B = n implies that 
X(l) is a A"-basis of B and consequently the subset X(j) of X(l) is linearly independent. 

For rc A the subsets Ujer-^C?) = i x k \ k E A, k ^ i for some z G T} and Hjer^O) = 
| G P) Jgr A^| of X(l) generate ^2j E -pL(j) and f"| jgr L(j) as A'-spaces respectively. 

(1.2) Since -» L(i) for any i G A (j) (see 11.2.4( 2) (a)), there exists b { G 5 with 

"» L 00 and x * = x i ' Let 2/ G L 0) = 5 " x h then 1/ ^ EieAU) d' x i = EieAU) c * • 
Xj • hi = Xj ■ (X)ieAW) c « ' M ( nere c « A") • We obtain B-Xj C xyB. Since is a two-sided 
ideal, we have B-xyB C B-Xj, thus Xj ■ B C B ■ Xj and consequently — B-Xj — Xj ■ B. 

(2) For / G HomB(L(i),iV) there exists some b & B with / : L(i) — >■ AT. Let Xj be a 
generator of L(i), then /(x^ = Xi ■ b = b ■ Xi for some 6 G B by fi.U,). Thus /(x^) G A(i) 
and consequently im(/) C L(i) fl A r . 

(Uij According to lTCT 2)(b) we have C L(k) if and only if i G A^. Let N be 
a submodule of L(k) with A" = L(z) and / G Homs(L(i), A") be an isomorphism, then 
f(L(i)) = N C L(i) n AT (see ^). We obtain /(L(i)) = L(i) = AT. 

(3.2) Let 7Tj : L(j) -» L(i) be a surjection and Xj a generator of L(j). Then Xj := 7Tj(Xj) 
generates L(i). Let x G L(j), then x = b ■ Xj for some b £ B. Obviously, x G ker (tt^) 

if and only if 7Tj(x) = 6 • X{ = if and only if b ■ Xj • B = b ■ L(i) = 0. We obtain 
ker(7Ti) = {b ■ Xj G L(j) \ b G Ann(L(i))} = Ann(L(z)) • L(j). 

(4) Let Xj be some generator of L(j). Then Xi := f(k,i,j)( x j) generates the submodule L(i) 

of L(j)nL(k). The set {x t \ie A^nAW} r = J X(j)nX(fc) is a K-basis of L(J)r\L(k) . Let 
/ G Hom B (L(j),L(A;)), then im(/) C L(j) H L(k) (see (%>). Thus f(xj) = EieA^nAW c » " 
Xi and consequently / = J2ieAU)nAM c * ' /(MJ)- Let A>/2 be the ^-maps given by /i : 

-> 0ieAW)nA« L (0 with = ( 7r i( aJ i))i=i,..., n and ^ 2 : ©ieAWnAW L (0 ^ 

with / 2 (Xi) i=1 _ __ >n = EieA0)nAC=) c « ' x i- We nave / = /j°/i and thus / factors through 

©ieAO)nA( fc ) MO- 1=1 



2.2.2 Remark. For a pair (B,L) satisfying the property ^ with L = Q} ieA L(i) denote 
by B the algebra B op and by L(z) the B-module T>(L(i)), where T> : modi? — > modB is the 
standard duality functor. Since topL(i) and socL(i) are simple, we obtain that socL(z) and 
topL(z) are simple for all % G A. In particular, B(= L(l)) is a local, self-injective algebra 
with dinifr-B = dim^-B = n and L(i) can by considered as a local (left) ideal of B for any 
% G A. 

We denote by f(j,i,k) the B-map D (f(k,i,j)) '■ L(&) — > L(j) for all k G A with i G 
AO') n A^, where f iKiJ) is the B -map described in 12.2.11/ ^). As T> is duality, we have 

fy Afc) : L(fc) L(i) L(j). 
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2.2.3 Proposition. A pair (B,L) satisfies the condition ^ if and only if (B op , X>(L)) 
satisfies the condition 



Proof. (We use the notations introduced in 12.2.21 ) According to 12.2.11 (3) we have 
L(j) -» L(i) resp. L(z) ■=-)■ L(j) if and only if i G A^>. Moreover, any two surjections 
7Tx) 7T2 from L(j) to L(i) are induced by some injective maps L\,l% : L(i) ■=-)■ and 

„ 12.2. lb ) 

ker(7r fe ) = {£ G Homif (L(j), K) | £|im( tfc ) = 0}, here fe = 1, 2. Since im(ii) ' = im(i 2 ), we 

obtain ker^) = ker(7r 2 )- Similarly, im (T) = L(z) for all injections T: L(z) ■=-)■ L(j). 

Let 1 := 1 B and y i := f for any z G A'A Obviously, y^ is a generator of 
the submodule L(i) of L(j). According to 12.2.11/ ^ ) the set {f^i) | i G A^} is a i^-basis of 
Hom B (L(l), L(j)). Thus the set X(j) := jy^ | i G A^} is a K-basis of L(j), since dim^ L(j) = 

Now we show L(j) = B • y - = y - • B (this implies, that L(j) is a two-sided ideal of B): 
Let f(i,i,j) '■ L(j) -» L(i) such that y^ = y, • 6j for any i G A^. Let y G B • y-, then 

y = EieAO) c * • y* = yj • (EieAO) c * ■ b i) G y^ • B > thus B • yj ^ • B - 0n the other hand > 

for some y G y - • B with y = y . • b we have y G im(/), where / G Hom B (L(j),L(l)) = 

span^ {f | i G A (j) } is given by / : L(j) -)• L(l) = B. Since im (f = L(i) C L(j) 

for each z G A^, we obtain im(/) C L(j) and consequently y G L(j) = B • y^. Thus we 
obtain B • y ■ D y • ■ B. 

If i 7^ j, then L(z) ^ L(j), thus L(z) C rad(L(j)) for any i G A^\{j}. Consequently, 
Ei<iL(i) ^ rad(L(j)). The set (J;^) = {y 4 | i € A^\{j}} is a if-basis of ^ <( L(i), 

since X(i) is a if-basis of L(i). Thus dim* (£ i<f L(i)) = | A(j) \{j}| = | A(i) | - 1 = 
dmiR-L(j) — 1 = dini^ (radL(j)) implies Ej<i^(*) = ra d(L(i)) for all j G A. □ 



Furthermore, for a pair (5, L) which satisfies the condition ^ we consider the algebra 
A = End B (L) = EndB(L) op . The evaluation functor Hom B (L, — ) : modB — > mod A provides 
an isomorphism Hom B (L(i), L(j)) = Hom^ (P(i), P(j)) (see [U Proposition 2.1]). Moreover, 

an injective B-map L(i) ^ L(j) induces an injective A-map P(i) ^ P(j), since Hom B (L, — ) 
is left exact. 

The previous Lemma shows that the properties described in Lemma 12.2.11 are also sat- 
isfied for the B-ideals L(i). The part (3) implies P{i) <— > P(j) for all i G A^\ moreover, 
since im(L(z) ^ L(j)) = L(z) for any injective B-map, we obtain that a submodule of P(j) 
isomorphic to P(i) is uniquely determined. For i G A^ we consider P(i) as a submod- 
ule of P(j). 

For all i G A^ fl A<*> let f U4>k) G Hom A (P(fc), P(j)) be the map induced by fQ^k) £ 
Hom B (L(fc), L(j)) (described in I2.2.2[) . Since f (j,i,fe) — f fj,i,i) °f (i,i,fc) and ffj,i,i) is injective, we 

obtain f (j - ijfc) = f (iiM) o f (Mjfc) : ^P(A;) f ^ ! 4 ) P(z') P(j)j ■ Obviously, im (f(j^ k )) belongs 

to the submodule P(i) of P(j). 

2.2.4 Remark-Notations. According to Lemma $233( 4) the set {f(j,i,k) \ i e A^ n A^} 
is a fT-basis of Rom. A (P (k), P(j)) for all j, k G A. Thus im(f) C J2ieAU)nAW im (f(j',*,fc)) - 
EieAWnAW ^(^ for a11 f G Hom A(P(fc),P(j))- Let p(j,i,k) := f(j,i,fe)(ej), then we obtain 
that {p(j,i, fc) | i G A( j ) n A( fc )} is a TT-basis of P(j)fc- 
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Let T be some subset of A^. Then the following hold: 

(1) For any I G A the set Bj(T,l) := {p(j,t,l) \ t G \J ieT (A w n A (/) )} is a K-basis of 
the subspace {£2 iEr P(i)), of P(j)i for the submodule Eier-^W of P(j): Let z G T, then 
{f(i,t,i) I t G A (i) n A {1) } is a K-basis of Hom A (P(/), P(z')). By applying Honu(P(Z), -) to 
f(j,i,i) ■ P^) ^ p {j)i e i ^ pO'jM). we obtain Hom A (P(/), P(z)) ■=— )■ Honu (P(Z), P(j)) with 
f(i,t,Q | -> f(j,i,0 °f(i,t,0 = fat,/) ( or ' equivalently, m> P(j)« with p{i,t,l) H> p(j,t,l)). 
The set {p{j,t,l) | t G A« n A w } is a if-basis of P(z')/ C P(j), for any z G T. Thus 
B^r,/) = Ui 6 r {pO'>*>0 I t G AW H AW} is a fT-basis of the subspace (£\ gr P(z)) ; of P(j) t . 

(2) The set B_,-(r) := {p(J,t,t) \ t G U ier A (i) , I G A (t) } is a if-basis of the submodule 
^] !er P(i) of P(j): Obviously, B-,(T) is the disjoint union of Bj(r, I) for I G A, thus Bj(r) 
is a f^-basis of Eier P{i)- 

We can now prove the four statements formulated at the beginning of this subsection, 
so that the algebra A with (A, ^) is 1-quasi-hereditary (recall that 1 ^ i ^ n for all z G A). 

Proof. © The definition of the standard modules provides A(j) = P(j)/N(j), where 
N U) = Efe^EfeHom A (p(fe),p(i)) ini (f)- The Previous deliberations imply N(j) C Ej<i P W- 
Since P(i) = im (f (i)M) ) C iV(j) for any z G A&'>\ {j}, we obtain JV(j) D Ej<i P (4 thus 

A(j) = P(i)/(E i<i ^'))- 

Let T = A^\{j} and fc G A (i) , then B^ (A^,k) = {p(j,j, k)} UB^r, k), using the 

notation of 12.2.4( 1). Since P(j)k — span*B (A^\ k) and ^Ej<i P(i)j = s P an x BjfT, k), 
we obtain 1 = dim* A(j) k = dim* (p{j) k / (E^W) J = [A(j) = ^(A;)]. 

© Let i G := {(z'i, z 2 , . . . , v) I «m G A^, i, ^ i t , 1 < Z < i < r := |A^|} (see 

4.2]). Obviously, P(z' t ) C P(j) = P(z'i) for all 1 < * < r. Denote by ^(i) the filtration 
= D(r + 1) C £>(r) C • • • C D(t) C ■ • • C P(l) with D(t) := E™= 4 Jt is eas Y to 

check that B^ (A^\ {i t }) = B^ ({i t }) nBj ({i t+ i, i r }) for all 1 < t < r- 1. This implies 
E H<k P ( k ) = P (h) n (E™= m ^(0) (see E23I2)) and consequently P(t)/P(t + 1) = 
P(z' t )/ (Ei i<fc p ( fc )) - A(z' t ) for all 1 < t < r. The filtration ^(i) of P(j) is A-good. Since 
{z'i, %2i • ■ • , v} = A^- 1 and / ^ t implies % ^ i t , we obtain (P(j) : A(z)) = 1 for any i G A^^ 
and (P(j) : A(z)) = if z G A\A y) . 

© Since P(z') ^ P(l) for all i G A, it is enough to show that socP(l) = 5(1). We 
consider the map f(i, n ,i) : -P(l) — * -P(l) induced by f(i, n ,i) : L(l) -» L(n) L(l), here 
L(n) = socL(l) since n is maximal. 

We show that im (f(i, n ,i)) Q im(f) for all f G Hom j4 (P(z), P(l)) with f ^ and all 
z G A. This implies, that im (f(i, n .i)) is contained in every local submodule of P(l) and 
therefore in every non-zero submodule of P(l). Thus im (f(i )Tl| i)) is the uniquely determined 
simple submodule of P(l) and top (im (f (i,n,i)) ) — S(l) implies im (f (i >ri ,i)) — 5(1): Let f G 
Hom^(P(z), P(l))\ {0} be induced by f G Hom B (L(z),L(l)), then f ^ and consequently 
L(n) C im(f). There exists some x G L(z) with f(x) = b n , where b n is a generator of 
L(n). Let g be in Hom B (L(l), L(z')) given by g : L(l) L(z') and g G Hom j4 (P(l), P(z')) 
is induced by g. We have f o g = f(i )Tl) i). This implies f o g = f(i )Tl) i) and consequently 
im (f(i,n,i)) Q im (f)- 

According to[223]for the algebra A op = End B (L) = End B °p(P(L)) we have SOC Pj^op (z) — 
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S A o P (l), thus top S S(l) for all z G A. 

Let f( n ,n,j) '■ P(j) ~^ P{ri) be the A-map induced by the B-map f( n ,n,j) '■ -» L(n). It 
is enough to show the equation Ylj<i = ker (f (n,n,j)) ■ This implies P(j)/ fX/j<i (Oj * 
A(j) P(n) = A(n) for any j G A: Let 2 G A^\ {j}, then the functor Hom B (L, — ) maps 

a B-map f : ( L(i) L(j) L(n) j to the A-map f : ( ^ P(j) f( "4' J) P(n) 



Since L(n) = socB is simple, we have ker (f (n, n ,i)) — ra dL(j), thus L(i) C radL(j) since 
z G A^\ {j}. Hence f and therefore f are zero- maps. Consequently, the submodule P{i) of 
P(j) belongs to ker (f( n ,nj)) for a n Y * e A^\ {j}. We obtain £) i<f £ ker (f(n,nj))- 
Because A(j) = P(j)/ fX^<i ^(*)Jj there exists a submodule [/ of A(j) such that 

P(j)/ (ker f(n,nj)) — A(j)/f/. For the i^-subspace of im(f( njn j)) corresponding to some G 
A we have dim^- (imf {njnJ) ) fc = dim^ (P(j)/ ker f(„, n j)) fc = dim^- (A(j)/U) k < dim K {A(j)) k . 

( f (j,j',fc) f (n,n,j) \ 

L(k) -» L(j) -» L(n) J is non-zero, thus the in- 
duced A-map g : 

P(fc) p(j) p( 

n)J isnon-zero. Hence 7^ fl(efc) G (imf( n)nj )) fc , 
thus dim^ (imf( nn j)J 7^ and consequently (im f (n^jjK = (A(j)) fc f° r an k E A, because 

dim,, (Atf))* = { J It G A0) ' ■ We ° btain U = and £k* P « = ker 

Proposition 12.2.31 implies that the functor Homg(L, — ) : mod-B — > modA op yields 

Aa°p(j) A J 4o P (n). By applying the duality we get V(n) -» V(j) for all j G A. 

This finishes the proof of Theorem A. □ 



The features of the P-module L, for a pair (B : L) with ^ , implies some properties for 



the quiver and relations of the corresponding 1-quasi-hereditary algebra Ends(L) op . 



2.2.5 Remark. Let (B,L) be a pair with the property ^ . For every i G A we fix a 
generator G B of the direct summand L(i) of L and Xi = 1 := here {1} = min (A, 
For all i,j G A with j < z there exists bij G -B with Xj ■ b^ = Xi, because Xi G L(i) C L(j) = 
B- Xj = Xj ■ B (see KTW l jand pj). 

We define an injective and a surjective P-map between L(i) and L(j) by 

■1 ■'•tj 

f<y+3) ■ ^ Mi) and f(*-j) : L w -» L w 

For any l,t E A let X(L(l), L(t)) be the space of non-invertible maps / G Home (L(l), L(t)) 
with the property " if / = f 2 o fi factors through addL, then either f\ is a split monomor- 
phism or f'2 is a split epimorphism". The number of arrows from I to t in the quiver of the 
algebra A = End B (L) op is dim K X(L(l), L{t)) (see [I] or 0). 

According to 12.2. )■ any map / G Hoing (L(l),L(t)) factors through ©j g A(0nAW ^(0- 
If Z and t are incomparable, then /, t G^ A® D A^, thus X(L(l), L(t)) = 0. Assume / < t and 

|2~2TTh ) 

/ : L(i) — )■ then there exists b E B with Xfb = f(xi), since L(t) = B ■ Xt = XfB 

and hence / : Lk(£) -» L(t) A L(t)^j. If / is not surjective, then 6 is not invertible and 

consequently / X(L(l) , L(t)) . If / is surjective but Z and t are not the adjacent, then 
/ : L(l) -» L(j) L(t) for some j G A with I < j < t and therefore / G" X(L(l), L(t)). 
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Let I < t and g : L(l) -» L(£) with (7 : I L(i) -» L(£) -» L(t) j , then -» L(£) is a split 

epimorphism if 6 = c • 1 for some c £ fC\ {0}, in other words g — c • f\t<-i)- Using analogous 

span A - {/(*_>*)} ifZot, 
arguments also for j > t, we obtain X(L(l), L(t)) = I span^ {/(t«-j)} if Z<i, 

else. 

(1) In the quiver Qo(^4) = A of the 1-quasi- hereditary algebra A two vertices i and j are 
connected by an arrow if they are neighbours with respect to ^, more precisely, we have 
i ^ j. Assume j < i, then the 5-maps fu-+j) and fu^-j) can by considered as the maps 
corresponding to the arrows % — > j and j — > % respectively. In this case we use the notation 

• 1 -b 

L(i) <=^ L(j). In general the notation L{1) ^ L(t) means that I and t are neighbours and 

■bij -d 

M = { g$ HI). We always have = { %«> 

(2) Let p( = . . . ,im t ,j) for 1 < t < r be some paths in Q(A) (obviously, if* and 
zj^L are neighbours). Then 

r r ( ».(*) hW b [t) f,W 

E^^I(^) ifandonlyif £ c,- L(<) L(i?) ±+ ■ ■ ■ ^ L(<£) ^ L(j) 

t=i t=i V 



.(,(*) 

here the maps L(v k ) — ^ L^i-J are of the form or /(i«_t). 



2.2.6 Lemma. Let A = End# (L) = KQ/X with (A, ^) be a 1- quasi-hereditary algebra, 
where (B, L = @ iGA L(iy\ satisfies the property 



(1) Ifp andq are some paths inQ of the form p(j,i,k) (see Subsection 2.1), thenp—q £ X. 
In particular, o(p(j,i, k)) =p(k,i,j). 

(2) Let T be the set of (large) neighbours of 1, where {1} = min(A, and Xj be a gen- 
erator of L(i) for any i £ T. TTien i/ie sei {xj | 2 £ T} is generating system of B. In 
particular, B is a factor algebra of K (yx, . . . ,y m ), where m = \T\. 



Proof. (1) Let j < i and p, q be some increasing paths from j to % as well as o(p), o(q) 
be the corresponding decreasing paths from j to i in Q, i.e., there exists i — i$ < i\ < • ■ ■ < 
% m = j and % = j < ji < ■ ■ ■ < j r = j with p = (i,ix, . . . , i m ,j) and q = (i,jx, . . . ,j r ,j) as 
well as o(p) = (j, i m , . . . , i\, i) and o(q) = (j, j r , . . . , ji, i). For the corresponding £>-maps 
f( P ) = f(i m ^j) o • ■ ■ o f {il ^ i2) o f (l ^ h) and f {q) = f(j r -+j) o ■ ■ ■ o f (jl ^ j2) o ffi^ji) as well as 
fo(p) = f(i^h) f(h^i 2 ) ■ • • f(im<-j) and f o(q) = f (u _ h) o f {jl ^ h) o ■ ■ ■ o f^^ we obtain 
f{ P ) - /( g ) = and / (p) - / (g) =0. 

For some z, j,k £ A with i ^ j,k let p and g be some paths in Q of the form z, fc), then 
p — o(pi) ■ P2 and q = o(qi) ■ q2 with some increasing paths pi, q\ from k to z and P2, ?2 from 
j to i. For the corresponding 5-maps we have f {p) = f {o(pi)) o / (p2) and / (g) = / (o((?l)) o / (?a) . 
Since / (pi) = / (gi) and /( ( Pl )) = /(o( 9 i))> we obtain / (p) = / ((?) . This implies p-qeX. 

(2) For any i £ A with i ^ 1 there exists j £ T with j ^ 2. Thus L(i) C L(j) and 
consequently radi? = 5^ieA\{i} = X^ier-^(0 ( see 11-2.4( 2) (b)). The set {xi \ i £ T} 
generates rad B. Since B is local, we obtain that B is a factor algebra of K(yi, . . . , y|r|)> D 
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3. Proof of Theorem B 

In this section A = KQ/X with (A, ^) is a 1-quasi-hereditary algebra and (B, L = © ieA L(i)) 



is the corresponding pair with the property ^ , i.e., A = EndB(L) op . For a relation 
p = Y7t=i c t ' Pt inl we define o(p) = Y7t=i c t ' °{Pt)- The definition of a BGG(±^)-algebra is 
given in Subsection 1.3. 

For the proof of Theorem B we have to show the equivalence of the following statements: 

O B is commutative, © A is a BGG(±^)-algebra, © p £ X if and only if o(p) £ X 

Let $i be db generator of L(i) for any i £ A and X\ = 1 := 1# where {1} = min(A, <). For 

•6 

i, j £ A with i < j or i > j we denote by L(i) L(j) the £>-maps described in 12.2.51 

■d 

3.1 Lemma. The following statements are equivalent: 
(i) B is commutative. 

•i>l -62 f i>m 

fiij Let p = (zo, ii, . . . , i m ) 6e some pat/i in Q an<i L(io) <^ £(ii) • • • ^ L(i m ) be the 
corresponding B-maps with xq := Xi a and x m := Xi m . Then 

Xq • bi • b 2 • • • b m = x m ■ d m - ■ ■ dq ■ d\ 

(Hi) Statement (ii) holds for m — 4. 

•bi 

Proof, (i) =>- (ii) We show this by induction on m: If m = 1, then for L(i ) ^ L(ii) 

•di 

we have (x • b 1; Xi • di) £ j (a^Xo) ? ( x 1j x i) | (see I2.2.5T 1)). thus Xo ■ bi = .Xi ■ dj. Assume 
x • b 4 • b 2 • • • b m _! = x m „i • d m _! • • • d 2 • d 1; then by multiplication with b m we obtain 

x ■ bi • b 2 • • • b m _i • b m = x m _i • b m • d m _ 4 • • • d 2 • di, (©) 

because B is commutative. If i m <i m -i, then b m = 1 and x m ■ d m = x m -\. The equation (©) 
implies x -b r b 2 • • -b m _ r b m = x m -d m -d m _x ■ • -d 2 -di. If i m t>i m _i, we obtain x m _ r b m = x m 
and d m = 1, thus the equation (©) is Xq ■ bi • b 2 • • • b m _i ■ b m = x m ■ d m ■ d m _i • • • d 2 • di. 

(ii) =>■ (Hi) This is trivial. 

•bi -b2 -b3 -b4 

(iii) =>. (i) Let i, j £ {/ £ A I 1 < /}, then for L(l) <=± L(i) L(l) ¥± L(j) L(l), since 

•di -d2 -d3 -d4 

l<U >l<j >l, we have (b 1; di) = (x h 1), (b 2 ,d 2 ) = (b 3 ,d 3 ) = (x j; 1), (b 4 ,d 4 ) = (1,2^) 

(see I2.2.5T 1)). By the assumption, we have X\ ■ bi ■ b 2 • b3 • b 4 = x\ ■ d 4 ■ d 3 ■ d 2 ■ di, thus we 
obtain Xi • Xj — 1 • Xi - 1 • rrj • 1 = 1 • Xj - 1 • X{ ■ 1 = Xj • Xi. Thus B is commutative, because 
{xi I 1 < i} is a generating system of -B (see I2.2.6T 2)). □ 

Proof ©=^© Let p = Ylt=i Ct ' y$ ■> • • • > De a relation of A with i = ij^, 
. b Ct) 

j = imt and L(i^ J _ 1 ) ^ L(i ) the corresponding 5-maps for all 1 < t < r. We ob- 
tain Y!t=i ct ■ U(i) % L(^) L(j)\ = (see EZ^)). Hence, YJt=i * • 
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(xi • bm^j = 0. According to Lemma I3TT1 we have YH=i c t ' ( x j ' dm t = 0- 

This implies YH=i c * ' I ■ ■ ■ — ^ L(i\ ) — L(i) J = and consequently o(p) = 

Y2t=l c * ' (ink) ' ' ' j i\ 

©=^>© Let r := {k G A | 1 < k}. It is enough to show Xk • Xj = Xj ■ Xk for all k,j G T 
(see [ZZB]) : Let G T, then for the E-maps ^ L(ife) 4 L(l) 2 L(j) 4 L(l)) 

and g:lL(l) -» L(j) L(l) -» L(A;) > L(l) ) we obtain / = g if and only if /(l) = x fc ■ 

= Xj • Xk = Since / and g correspond to the paths (1, k, l,j, 1) and (1, j, 1, fc, 1) 

respectively, we have to show (1, k, l,j, 1) — (1, j, 1, k, 1) G X (or (1, j, 1, k, 1) = (1, fc, l,j, 1) 
in A). 

According to j9j Theorem 3.2] for the path (j,l,k) there exists some q G if with 

P = C?,l,fc) - EieAU)nAW c i •P{j) i ) k ) e X - Since "O') 1 ^) = and o(p(j,i,k)) = 

p(k,i,j), by our assumption we obtain o(p) = - £) i6A o) nA (*) Q ■ p(k,i,j) G X. 

Obviously, 1, As, 1) = (fc ->■ 1) • (j,l,A;) • (1 -> j) and (1, k, l,j, 1) = o(l, j, 1, fc, 1) = 
(j —7- l)-(/c, 1 , j ) - ( 1 — > k). The relations p and o(p) implies the following equations in A. 

(l,j,l,M) = I] c,-((A;->l)-p(j,z,A;)-(l^j)) 

ieACOnACO 

(i,M,j,i) = ]T ^(^il'KMjrN^)) 

ieAO)nA( fe ) 



n 



For every i G D A^^ the paths p^ — (k — )■ 1) • p(j, fc) • (1 — >■ j) and //' ^ 
Q{i) — (j ~~ 1) ' p(k,i,j) • (1 — > k) are of the form p(l,i, 1) (in the right : /f \v 
picture the black and the gray path respectively). Thus Lemma r2.2.6( l) implies ^ 
P(i) = %) in A ) hence ( 1 )J) 1 ) k ) 1 ) = ( 1 , k ) 1 ,j, 1 )- 1 

©<^© If the i^-map o : A — > A with pi—)- o(p) is an anti- automorphism of A and for some 
paths pi, . . . ,p r , which start in i and end in j we have Yll=i c t 'Pt = 0> then ^t=i c t ' °G°t) — 
(in other words, if p G X, then o(p) G X ). 

On the other hand, if X = {o(p) | p G X}, then o is obviously an anti- automorphism. □ 

3.2 Example. The pair (B,LuA in the Example 11.2.61 provides a BGG(±^)-algebra Ai = 
End# {Li) op for any i — 1,2, 3, because B is commutative. The quiver and relations to the 
left and to the right present the algebra A\ and A 2 respectively (the algebra A 3 is presented 
in [TUj Example 1]). For any relation p of also o(p) is a relation. 



646 = ° 656 = ° 

*/ V* 6421 = 6531 1246 = 1356 ?/ V* 

4 ' x 5 4 <^ N 5 

|| || 464 = 424 565 = 535 H^^^^nH 

2 \\ // 242 = 212 353 = 313 2> 0V // 



646 = 656 = 

421 = 431 643 = 653 

124 = 134 346 = 356 

212 = 242 

Z = Z 534 = 

464 — 434 

435 = 313 _ 343 + 353 

213 = 243 312 = 342 



4. Ringel-duality on generators-cogenerators of local self-injective algebras 

Let (A, ^) be a quasi-hereditary algebra, then for any i E Qq(A) there exists a (up to isomorphism) 
uniquely determined indecomposable module T(i) £ 5(A) (~1 ff(V) with the following properties: 
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For all j G Q (A) with j £ i we have [T(i) : S(j)) = and [T(i) : 5(f)] = (T(i) : A(»)) = 
(T(i) : V(i)) = 1, moreover, ff(A) nff(V) = add (0 i6Qo( ^ r(i)) , the module T := © ieQo(>4) 
is called characteristic tilting module. The Ringel-dual R(A) := End^(T) op of *4 is a basic algebra 
with Qo(R(A)) = Qo(A) and quasi-hereditary with the opposite order ^ (we use the notation 
^(.r)). Moreover, R(R(A)) = A as quasi-hereditary algebras (for more details, see 

The functor M := Hom^T, — ) : mod A — > modi?(^4) yields an exact equivalence between 
the subcategories $(A A ) and $(V R ( A )). Moreover, P R ( A )(i) = 3?{T{i)), T R{A) (i) = &{!{%)) and 
A R{A) (i) ^ #(V(i)) for all i G Qo(-A). 

The class of 1-quasi-hereditary algebras is not closed under Ringel duality. Example 4 
in [TU] presents a 1-quasi-hereditary algebra A for which R(A) is not 1-quasi-hereditary. 
However, the properties of R(A) for a 1-quasi-hereditary algebra A considered in [9j Lemma 
6.2] yield the following lemma. For P(A)-modules we will use the index (R), (note that 
1 ^ i ^ n implies n ^ir) % ^(r) 1 f° r all i G A := Q (R(A)) = Q (A)). 

4.1 Lemma. Let (A, ^) be a 1-quasi-hereditary algebra with 1 ^ i ^ n for any i 6 A and 
let (R(A),^tR)) be the Ringel dual of (A,^). Then dom. dimR(A) > 2 and P^(n) is a 
minimal faithful R(A) -module. 

Proof. Since {1} = max (A, ^(r)), the definition of standard modules implies P(#)(l) = 
A(.R)(1). According to [9, Lemma 6.2 (c) and (b)] we obtain soc (A(^(l)J = S(R)(ri) and 
> A(_r\(1), since T(l) = 5(1) (see [9J 5.3]). Consequently, for all i G A we have 
soc (A( R )(i)) G add (socP(#)(n)J, because P(#)(n) = I( R )(n) (see |H 6.2(a)]). 

According to Remark 11.2. 1} it is enough to show Pm^(i) ^ P^(n) Ti (for some r$ G N) 
and P(R)(n) ri / P(r){i) G #(A(#)) for any i 6 A: Since T{i) G S'(A), we have socT(i) G 

add (0 ieA socA(j)) ll ^ J add (5(1)) for any i G A. Let socT(i) = S(l) r *, then T(i) 

T(n) r * since T(n) = 7(1) (see [9, 5.3]). The exact sequence f : -+ T(i) -»■ T(n) r * 
T(n) ri /T(i) — > yields T(n) ri /T(i) G 5(V), because S'(V) is closed under cokernels of 
injective maps (see [H]). By applying ^(— ) to £ we obtain an exact sequence — >■ PfR)(i) — > 
P (R) (ny> -)• P {R) {n) r */P {R) {i) with P {K) (n)^/P(*)(*) e S(A (fl) ) for any i G A. □ 

4.1. Transfer of Ringel duality 

Throughout, we keep the notation of the sets X, Y, X(l), Y(l) and the functions X ^ Y 

used in Section 1. Moreover, we denote by X(P(1)) the set of isomorphism classes of Ringel- 
duals of 1-quasi-hereditary algebras. Lemma [4.11 implies that X(P(1)) C X. We denote by 
Y(P(1)) the image of $|x(/?(i))- Moreover, let X := X(1)UX(P(1)) and ^ := Y(1)UY(P(1)) 
as well as X := X(l) n X(P(1)) and £ := Y(l) n Y(P(1)). 

The map 1Z : X X with 1Z ([A]) = [R(A)] is obviously bijective and TZ 2 = idx- The 
Morita-Tachikawa Theorem 11.11 and Theorem A yield the transfer of Ringel-duality for X 
on y (illustrated on the picture below). 



20 



Let R := §\ x o TZ\ X o ty\y, then 

R([B,£}) := [5(B), P(£)" 
and 

R(R[B,£]) = [B,£] 




X =X{l)UX(R(l)) 



y = Y(JJ(1))UY(1) 



Obviously, for any pair [B, £] G ^ the algebra ^4 = ^ ([B, £]) is 1-quasi-hereditary or A is the 
Ringel dual of a 1-quasi-hereditary algebra R{A) = ^ \[R[B], R(£)]j . The minimal faithful 
^4-module £ is the projective indecomposable P{1 A ) which corresponds to the minimal 
vertex 1 A (see 11.2.31 and H~Tj) . In particular, 1r(a) is the maximal vertex in A with respect 
to the partial order corresponding to A. The direct summands of the B-module £ are 
isomorphic to Hom_4 (P(i), P(1 A )) for any i G A. 

4.1.1 Lemma. Let [B, £] G y and let A be a quasi-hereditary algebra with [A] = \& ([B, £]). 
Then for R([B, £]) := 5(B), 5(£) S/ie following hold: 

B = 5(B) and R(C) = ^Eom A (T(t),T(l R{A) )). 

igA 

In particular, there exists a 1-quasi-hereditary algebra A with B = EndA(P(lA)) op and 
£ S 0Hom A (P(2),P(U)) or £ = 0Hom A (T(i),T(n 4 )). 



ieA 



Proof. It follows from Theorem [LTJ (with the preceding notation) that B = End_4(P(l_4)) op 
and 5(B) S End R(A) (P(l R(A) ))°P as well as £ = ® ieA Rom A (P(i), P(1 A )) and R{£) 



0ieA ftom R{A) (P (R) {i) 
the functor Hom^T, 

Horn 



P(R)(1r(A)))- Since R(A) = End A (T)°v and P { 



(R)\ 

: mod A — > modi2(.4) yields an isomorphism 



Rom A (T,T(i)), 



Rom A {T{i),T{l R{A) )) 



for all z G A (see [Tj 2.1]). In particular, B = End^(P(l^)) op = End R{A) {P{l (R) )) op = R{B) 
because P(1 A ) — T(1 R ( A )) (see [9j Remark 5.3 and Lemma 6.2 (a)]). 

If the algebra A is 1-quasi-hereditary, then £ = @ igA Hom_4 (P(i), P(1 A )). If not, then 
A = R(A) is 1-quasi-hereditary with 1^ ^ i ^ n A for all i G Qo(^4)- For $([A]) = 
[B,L] we obtain [B, £} = R([B,L]) = [B,R(L)\. Therefore B S End A (P(l A ) op and 
£ = 4eA Hom A (T(z),TK)). □ 



Lemma f4. 1. ll implies that for any [B, £] G 3^ we have R([B, £]) = [B, R(£)]. In particular, 
P(£) is a multiplicity- free generator-cogenerator of B (see ll.ip . The Ringel-duality on y con- 
forms with the duality on a subclass of multiplicity-free generator-cogenerators of local self- 
injective algebras, which arises from 1-quasi-hereditary algebras (via B = End^P^^))^)- 

According to Theorem A the first component B of a pair in J is a local self-injective 
algebra having a module satisfying the properties in Definition 11.2.41 for some partial order. 
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We denote by £(B) the set of all 5-modules M such that (B, M) or (B,R(M)) satisfies 
the condition ^ for some partial order ^ on A = {1, . . . , dim^ B}. Obviously, there exist 
finitely many partial orders on A. However, there are examples of a partial order ^ on A 
with infinitely many pairwise non-isomorphic i?-modules M such that (B, M) satisfies the 
property ^ (in the next example 14.1.21 the 5-module L2 depends on the choice of fi G K, 
there we have (X 2 + fjY) ¥ {X 2 + fi'Y) if n ± //). Moreover, if (B, M) and (B, M') satisfy 
the property ^ , then [B, M] G y does not imply [B, M'\ G y. 



Let L be the set of isomorphism classes of algebras B with £(B)^ (the function X(l) — > 
L with [A] 1 — y [End J 4(-P(l))] is surjective, non-injective and the set L is not finite). For any 
[B] G L we define y(B) := {[B,M\ \ M G 2(B)} and X(B) : = {[End B (M) op ] | M G 2(B)}. 
It is easy to see that for all [B] , [B'\ G L with [B] ^ [B'\ we have y(B) n y(B') = and a 

pair [B,M] G y belongs to y(B). This implies y = [j y(B) and X = (J X(B). 

[B]eL [B]6L 

In the picture the sets X and 3^ are presented as the disjoint union of X(B) and y(B) 
(symbolized by the circles, they are closed under the Ringel-duality R and TZ) respectively. 
The dark circles inside the circle corresponding to X(B) symbolizes X(B) r\X. Similarly, a 
pair [B, M] in the dark circle of y(B) has the property ^ and R([-B, M}) has the property 

^ . In particular, X and y are the disjoint unions of the dark circles. They are also closed 
under TZ resp. R. The observation of Ringel-duality on X and y can by restricted to X(B) 
and y(B) respectively. The dark circles inside the circle 
corresponding to X(B) symbolizes X(B)C\X. Similarly, 
a pair [B, M] in the dark circle of y(B) has the property 
and R([i?,M]) has the property 
In particular, X and y are the disjoint unions of 



i i.e., [B,M] G 

y. 

the dark circles. They are also closed under TZ resp. R. 
The observation of Ringel-duality on X and y can by 
restricted to X(B) and y(B) respectively. 




4.1.2 Example. The algebra B = K[x,y]/ (xy, x A — y 2 ) is local and self-injective with 

where Li = (& k=x Li(k) and 



(0 



dim.K -8 = 6. The pair (B, Li) satisfies the property 
for i — 1, 2 are presented in the following diagrams in the same way as in Example 11.2.61 
Both pairs belong to y(B), however, [B, L\) G y and [B, L 2 ] G" y. 




(Y) = L X (4) 



L 2 (6) = (X 4 ) 

t 

L 2 (5) = (X 3 ) 

/ \ 

i 2 (3) = (x 2 ) \ 



LlW = (1) 



£2(2) = (X) 

£2(1) = (1) 



(x 2 + = L 2 (4) 
/ P- # 



6 



!! 

3 

!! 



or,o 

(14(1 
(141 
1(14 
565 
353 
232 
4(14 
214 
412 






65321 

12356 

535 

323 

212 

414 







On the right-hand side we present the quiver and relations of the 1-quasi-hereditary algebra 
A\ = End£(£i) op - The algebras Ai and R(Ai) are isomorphic as quasi-hereditary algebras 
(i.e., Ai is Ringel self-dual), because = [B,R(Li)] (see Theorem 14.2. 1 1) . The quiver 
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and relations of A 2 = Ends(L 2 ) op can be found in [TU| Example 4] (there q = 1 + /i 2 ). The 
Ringel-dual B, R(L 2 ) of [B, L 2 ] is given by R(L 2 ) = 0j =1 R(L 2 (i)) with 

P(L 2 (1)) = (* 4 >, §L 2 (2)) = (X 3 ) , P(L 2 (3)) = (^X 2 -y>, 

P(L 2 (4)) = (Y) , R(L 2 (5)) = ((X, Y)) + ((Y, 0))cBffi 5, P(L 2 (6)) = P. 

4.2. Ringel- duality on 3^ 

In [9| Sec. 5 and 6] 1-quasi-hereditary algebras whose isomorphism classes belong to X have been 
considered. These results imply a precise description of the Ringel-duality R on y. 

Let [B,L] be in Y(l), then B = End A (P(l))°P and L = 0- eA B o f (i) , where A = 
EndB(£) op is a 1-quasi-hereditary algebra with (A, ^) (here 1 $C i ^ n for all i G A) 
and f(j) := f(i,i,i) is the endomorphism of P(l) corresponding to the path 1) of A 

(see I2.1.T]) . Let B(A) = End^(T) op with (A, ^tm) also be 1-quasi-hereditary. According 
to Theorem 6.1 in [S], the direct summand T(i) of the characteristic tilting A-module T 
is a submodule and a factor module of P(l) = 1(1) for any i G A or more precisely 

T(i) - P(l)/ (E J6 a\a w P (0) = n, eA \A (i) ker (Pi 1 ) "» J (0)- Consequently the subspace 
of P(l) corresponding to the vertex 1 contains an element t(i) which generates T(i). For 
any i G A we denote by 7(i) the following endomorphism of P(l): 

7^ = o tt(i)) : (p(1) ^ T(i) ^ P(l)^j with e x t(i) and t(i) & t(i) 

Using Lemma 3.2 [10] it is easy to show, that the pair (B, C) with C = i6A BoTk) satisfies 
the condition 



We recall that using the notations of Section 2, for all i,j G A with 
i ^ j (and therefore j y^m) i) we have j G A\A^ resp. i G A\Aq). 

Ringel-duality Ron}' provides a relationship between the endomorphisms 7(i) , . . . , 7( n ) 
and f(i), . . . , f( n ) of P(l). (The following statement yields Theorem C from the introduction.) 

4.2.1 Theorem. Let (A, ^) be a 1-quasi-hereditary algebra and let [(B,L), ^] be the cor- 
responding pair in Y(l) with B = End A (P(l)) op and L = 0L(i) where L(i) = B o f (i) 

ieA 

for any i G A. Let R([B,L}) = [B, R(L)\ with R(L) = 0fl(L(i)). Then the following 

ieA 

statements are equivalent: 

(1) [B,L]ey. 

(ii) R(L(i)) = B o T(i), where T[i) G B satisfies im7(i) = T(i) for every ieA. 

(Hi) R(L(i)) = B/ I L U) - H ker ( B ~* L (ti"> f or every i G A - 

V'eA\A (j) / jeA\A w 
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Proof. Let A be a 1-quasi-hereditary algebra with [A] = ty([B,L]). According to 14.1.11 
for any i G A we have R(L(i)) = Hom^ (T (i), T(n)). 

(i) =>- (zz) The assumption [P, L] G y implies [A] G X . As already explained, we can 

define endomorphisms Tu) = (t(i) ° 7r(i) ) for any z G A. Since Hom^— , -P(l)) is exact, the 

t(i) 

inclusion T(z) P(l) yields a surjective P-map Hom J 4(P(l), P(l)) -» Houu(T(z), P(l)) 
with F h-> F o and therefore Hom y i(T(i), P(l)) —Bo lu\ for all z G A. The map 
B o -yBo 77i) given by F o i— >• F o o 7r(i) = F o 77i) for all F G P is obviously a 
P-module isomorphism. We obtain R(L(i)) = B o t(z) = P o 77^) for all z G A. 

(z) •<= (zz) Since im7(i) = F(z"), the top of any direct summand of the characteristic tilting 
module of A is simple. According to Theorem 5.1 and 6.1 in jl] the algebra (R(A), ^(r)) is 
1-quasi-hereditary. This implies R[P, L] G Y(l). 

(i) =>- (Hi) Let i G A and T/^ : B -» L(i) be the surjective P-map given by Tu-\(F) = 

F o f (f) for all FEB. Since (T W o f w ) : (p(1) P(i) F(l) ^ T(j) ^ F(l 

the notations of Subsection 2.1) and since for any j G A\A^ holds dim^- Houu(P(z), T(j)) = 
[T(j) : S(i)] = (because of the properties of T(i)), we obtain tt(J) o = and hence 

7(j) o f(j) = 0. For all z, j G A with z ^ j we have R(L(j)) = B o 7(j) C ker(T(j)), thus 

£ ^0')) C ker(T (i) ) and R(L(j)) C f| ker(T (4) ) 
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By assumption the pairs (B,L) and (P,F(L)) satisfy the properties ^ and 

= 

E23h; 



respec- 



12,2. lh ) 

tively. Therefore dim^L(z) '= |A^| implies dim^ ker (T(j)J = A\A^ , moreover, 



dim^ ( E je A\AW R ( L U)) 



U 3 - eA {fc G A | J k) 



A\A^ . This implies 



EjeA\AW ^(^O')) = ker ( T «) and consequently Di e A\A y) ker ( T «) = J2j^ R) k R ( L ( k )) = 
R(L(j)), because R(L(k)) C R(L(j)) for all G A with j fc. Moreover we obtain 

L(z) - F/ker(T w ) = B / (j2 jE ^ A{i) R(L(j))) = B/ (j2 j4(R)i R(L(j))). Using the dual 

argumentation we obtain R(L(i)) = Bj fX^eA\A ( - } ^0)J f° r an y A. 

(z'z'z) =>• (z) We have to show that (B, R(L) = Q) ieA R(L(i))) satisfies the property ^tm ■ 
|2,2. lh ) 

Since L(z) = B o fr* ' = fu\ o B, for all f,gEB there exists /' G B with g o f o = 

( °f(») \ / °f(») \ 

# ° f(i) ° / ■ Therefore, if g G ker I F -» L(i) ) , then go f G ker I F ^> L(z) 1 for all / G F. 

The assumption R{L(j)) = DieA\A (l) ker ( fi ~* implies R{L(j)) o B C R(L(j)) and 

consequently R(L(j)) is two-sided local ideal of F, since R(L(j)) is a factor module and a 
submodule of F. 



The property ^ of L(z") implies R(L(k)) -» R(L(j)) resp. R(L(j)) C R(L(k)) if and 
only if ^(^) j, because A\A(m C A\Ay) if and only if j ^ fc. We have radF(L(/c)) = 
£ fc<(fl)J F(L(j)) for all fc G A since R(L(k))/ (Z k<(R)3 R(W))) * simple. □ 

4.2.2 Remark. If [F, L] G ^, then the socle of Bj (j2 jeA \ A( ) L(j)J is simple for all z G A, 
because these factor modules of F are also submodules of F. 
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In Example 14.1.21 the pair [B, L 2 ] G Y(l) is not in y, because for i = 5 we obtain 

soc (B/ E jeA \A (5) L 2 {j)) = soc (B/L 2 (6)) * (soc 2 B)/ soc B - «X 3 > + (Y)) / <X 4 > = K ® K. 

4.2.3 Example. Let B := B n (C) be the algebra given in Example 11.3.21 and L = B © 

©£=2 (^i)©(soc B). The Ringel dual of the corresponding 1-quasi-hereditary algebra A n (C) 
is also 1-quasi-hereditary (see |1U| Lemma 1.2]). Thus [B,L] G y, in particular, R(L(1)) = 
soc B, R(L(n)) = B and R{L{i)) = B/ (Ef^O')) = (E^^) for 2 < j < n - 1, 
where ^^(c^^xn-i- 

4.2.4 Remark. If a 1-quasi-hereditary algebra A is Ringel self-dual, then (A, ^) = 
(.R(A),< (fl) ) implies [B,L] = $([A]) = $([i?(^)]) = [£,#(£)]. In other words: The pair 



[B, L] satisfies the property ^ and the property ^m) ■ Thus, there exists a permutation 

a G Sym(dim^S) with L(a{i)) ^ R(L(i)). 

The algebras associated with blocks of the category O(g) are Ringel self-dual. In the 
Example 11.2.61 the 1-quasi-hereditary algebra (A3, ^(3)) corresponding to the pair (B,L 3 ) 
is related to a regular block of 0(5(3). It is easy to check that the permutation a = 
Ml), . . . , ct(6)) = (6, 5, 4, 3, 2, 1) G Sym(6) yields L 3 (a(i)) = R(L 3 (i)). 

In the same example the algebra (A\, ^(1)) is also Ringel self- dual. The permutation 
r G Sym(6) with £i(t(z)) = R{Lx(i)) is given by r = (6,4,5,2,3, 1). The algebra i2(A 2 ) is 
not 1-quasi-hereditary, because soc(B/ ^EjeA\A (4) ^U)j) — soc (5/L 2 (5)) is not simple. 

In general, for some [B, L] £ y the equation [B, L] = [B, R(L)\ is not satisfied (see 
Example I4.2.3P . Consequently a 1-quasi-hereditary algebra A with [A] G X is not Ringel 
self-dual, in general. 
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